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1 Introduction 

N. Levine [11] introduced the notion of semi-open sets in topological spaces. A. Csaszar [7,8] 
defined generalized open sets in generalized topological spaces. In 1975, Maheshwari and Prasad 
[12] introduced concepts of semi-Ti-spaces and semi-i?o-spaces. In 1979, S. Kasahara [10] defined 
an operation a on topological spaces. Carpintero, et. al [6] introduced the notion of o-semi-open 
sets as a generalization of semi-open sets. B. Ahmad and F.U. Rehman [1, 14] introduced the 
notions of 7-interior, 7-boundary and 7-exterior points in topological spaces. They also studied 
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properties and characterizations of (7 ,/3 )-continuous mappings introduced by H. Ogata [13]. In 
[2-4], B. Ahmad and S. Hussain introduced the concept of 70-compact, 7*-regular, 7- normal spaces 
and explored their many interesting properties. They initiated and discussed the concepts of 7*- 
semi-open sets , 7*-semi-closed sets, 7*-semi-closure, 7*-semi-interior points in topological spaces 
[5,9]. In [9], they introduced Aj-set and A s7 -set by using 7*-semi-open sets. Moreover, they also 
introduced 7-semi-continuous function and 7-semi-open (closed) functions in topological spaces and 
established several interesting properties. 

In this paper, we continue studying the properties of 7-semi-continuous functions and 7-semi- 
open function introduced by B. Ahmad and S. Hussain [5]. 

Hereafter, we shall write space in place of topological space in the sequel. 

2 Preliminaries 

We recall some definitions and results used in this paper to make it self-contained. 
Definition [13]. Let (X,r) be a space. An operation 7 : r — > P(X) is a function from r to the 
power set of X such that V C V 1 , for each V G r, where V 1 denotes the value of 7 at V. The 
operations defined by 7(G) = G, 7(G) = cl(G) and 7(G) = intcl(G) are examples of operation 7. 
Definition [13]. Let A be a subset of a space X. A point x G A is said to be 7-interior point of 
A, if there exists an open nbd N of x such that A 7 C A. The set of all such points is denoted by 
miy(A). Thus 

inty (A) = {x € A : x G N G r and A 7 C A} C A. 

Note that A is 7-open [13] iff A =int 7 (A). A set A is called 7- closed [13] iff X-A is 7-open. 
Definition [10]. A point x G X is called a 7-closure point of A C X, if C" 7 n A 7^ <f>, for each open 
nbd U of x. The set of all 7-closure points of A is called 7-closure of A and is denoted by c/ 7 (A). 
A subset A of X is called 7-closed, if clj(A) CA. Note that cZ 7 (A) is contained in every 7-closed 
superset of A. 

Definition [14]. The 7-exterior of A, written ext 1 {A) is defined as the 7-interior of (A — A). That 

is, intj(A) = ext~/(X — A). 

Definition [14]. The 7-boundary of A, written bd^A) is defined as the set of points which do not 
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belong to 7-interior or the 7-exterior of A. 

Definition [13]. An operation 7 on r is said be regular, if for any open nbds U,V of x <G X, there 
exists an open nbd W of x such that U~< n V 1 D W 1 '. 

Definition [13]. An operation 7 on r is said to be open, if for every open nbd U of each x G X, 
there exists 7-open set B such that x G B and C B. 

Definition [2]. Let A C X. A point x G X is said to be 7-limit point of A, ii U H {A — {x}} 7^ </>, 
where U is a 7-open set in X. The set of all 7-limit points of A denoted A^ is called 7-derived set. 
Definition [9]. A subset A of a space (X,r ) is said to be a 7*-semi-open set, if there exists a 7 
-open set O such that OCiC cZ 7 (0). The set of all 7*-semi-open sets is denoted by S0 1 *{X). 
Definition [5]. A function / : (X, r) — >■ (Y, r) is said to be 7-semi-continuous, if for any 7-open B 
of Y, f^{B) is 7*-semi-open in X. 

Definition [5]. A function / : (X, r) — > (Y, r) is said to be 7-semi-open (closed), if for each 7-open 
(closed) set U in X, f(U) is 7*-semi-open (closed) in Y. 

Definition [5]. A set A in a space X is said to be 7*-semi-closed, if there exists a 7-closed set F 
such that int y (F) C A C F. 

Proposition [5] . A subset A of X is 7*-semi-closed if and only if X — A is 7*-semi-open. 
Definition 2.1. A subset A of X is said to be 7-semi-nbd of a point x G X, if there exists a 
7*-semi-open set U such that x G U C ^4 . 

Definition [9] . Let A be a subset of space X . The intersection of all 7*-semi-closed sets containing 
A is called 7*-semi-closure of A and is denoted by scl 1 *{A). Note that A is 7*-semi-closed if and 
only if scl~ t *{A) = A. 

Definition [5]. Let A be a subset of a space X . The union of all 7*-semi-open sets of X contained 
in A is called 7*-semi-interior of A and is denoted by sintj* (A) . 

Lemma 2.2. Let A be a subset of a space X. Then x G scZ 7 * (A) if and only if for any 7-semi-nbd 
N x of x in X, A n N x ^ <p. 

Proof. Let x G scL j *(A) .Suppose on the contrary, there exists a 7-semi-nbd N x of x in X such 
that A n N x ^ 4>. Then there exists U G SO r * (A) such that x G U C A^. Therefore, U (~1 A = <f>, 
so that A Q X — U . Clearly X — U is 7*-semi-closed in X and hence scl 1 *(A) X — U. Since 
x £ X — U, we obtain x £ scl 1 *{A). This is contradiction to the hypothesis. This proves the 
necessity. 
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Conversely, suppose that every 7-semi-nbd of x in X meets A. If x ^ scl y * (A), then by definition 
there exists a 7*-semi-closed F of X such that A C F and x ^ F. Therefore we have x £ X — F £ 
S0 1 *(X). Hence X — F is 7-semi-nbd of x in X. But (X — F) n A = 4>. This is contradiction to 
the hypothesis. Thus x G scl 1 *(A). 

3 7-Semi-Open Functions 

Theorem 3.1. Let / : X — >■ Y be a function from a space X into a space Y and 7 is an open, 
monotone and regular operation. Then the following statements are equivalent: 

(1) / is 7-semi-open. 

(2) f(intj(A)) C sin 1 *(f((A)) for each subset A of X. 

(3) For each x G X and each 7-open-nbd U of x, there exists a 7-semi-nbd V of f(x) such that 
VQf(U). 

Proof. (1) =4> (2). Suppose that / is 7-semi-open, and let A be an arbitrary subset of X. Since 
f(intry{A)) is 7*-semi-open and f{int-y(A)) C f(A), then f(int 7 (A)) C sin 1 *{f{{A)). 

(2) =^ (3). Let U be an arbitrary 7-open-nbd of x G X. Then there exists 7-open set O 
such that x G O C U. By hypothesis, we have f(0) = /(int 7 (0)) C sin 1 *(f({0)) and hence 
/(O) C sm 7 *(/((0)). Therefore it follows that /(O) is 7-semi-open-nbd in Y such that f(x) G 
f(0) C /([/). This proves (3). 

(3) =>• (1). Let U be an arbitrary 7-open set in X. For each y G f(U), by hypothesis there 
exists a 7-semi-nbd V y of y in Y such that V y C /(?/). Since is a 7-semi-nbd of y, there exists 
a 7*-semi-open set A y in Y such that y £ A y C V y . Therefore f(U) = [j{A y : y G f{U)} is a 
7*-semi-open in Y, since is 7 regular [9]. This shows that / is a 7-semi-open function. 

Theorem 3.2. A bijective function / : X — > Y is 7-semi-open if and only if f~ l {scl 1 *{B)) C 
cl 1 (f~ 1 (B)) for every subset B of Y, where 7 is an open operation. 
Proof. Let B be an arbitrary subset of Y. Put 

U = X - cl^f-\B)) (I) 

Clearly U is a 7-open set in X. Then by hypothesis, f(U) is a 7*-semi-open set in Y, or Y — f(U) 
is 7*-semi-closed set in Y. Since / is onto, from (I), it follows B C Y — f(U). Thus we have 



4 



scl r (B) C Y - f(U). Since / is one-one, we have f- 1 {scl r {B)) C - f~ X f{U) = X - 

f^fiU) CX-U = c/ 7 (/ _1 (S)). This proves the necessity. 

Conversely, let U be an arbitrary -open set in X. Put B = Y—f(U). Since / is bijective, therefore 
by hypothesis, f(U) n scl r (B) = f(U n / _1 ( SC V (- B ))) ^ /(^ n C ^(/ _1 ( B )))- Since u is 7-open, 
therefore by Lemma 2(3) [14], we have U fl cZ 7 (/ _1 (-B)) C cZ 7 (£/ PI f^ 1 (B)). Moreover, it is obvious 
that ?7 n / _1 0B) = </>. Thus we have /(17) n sd T {B) = 4> and hence scl r (B) CY- f(U) = B. 
Therefore B is a 7* -semi-closed in Y and hence f(U) is a 7*-semi-open set in Y. This proves that 
f is a 7-semi-open mapping. 

Definition 3.3 [13]. A function / : (X, r, 7) — > (Y,8,(3) is said to be (7, /3)-continuous, if for 
each x £ X and each open set V containing f(x), there exists an open set U such that x G U and 
f{U"<) C V^, where 7 and /3 are operations on r and 5 respectively. 



Definition 3.4 [13]. A function / : (A, r, 7) — s- (Y,6,/3) is said to be (7, /3)-open (closed), if 
for any 7-open (closed) set A of X, f(A) is 7-open (closed) in Y. 

Theorem 3.5 [1]. Let / : (A, r, 7) — >■ (Y,6,/3) be a function and /3 be an open operation on 
Y. Then / is (7, /3)-continuous if and only if for each /3-open set V in Y, f^{V) is 7-open in X. 



Theorem 3.6 [1]. Let / : (A, r, 7) — > (Y,5,f3) be a function and /3 be an open operation on 
Y. Then the following are equivalent: 

(1) / is (7,/3)-open . 

(2) f-^cl^Cd^f-^B)). 

(3) f^ibd^B)) C bd 1 {f- l {B)) for any subset B of Y. 

Theorem 3.7. If a function / : (A, r, 7) — > (Y,5,(3) is a (7, ( 0)-open and a (7, /3)-continuous, 
then the inverse image f~ 1 (B) of each /3*-semi-open set B in Y is 7*-semi-open in X, where /3 is 
an open operation on Y. 

Proof. Let B be an arbitrary /3*-semi-open set in Y. Then there exists /3-open set V in Y such 
that V C B C ^(V). Since f is (7, £)-open, using Theorem 3.6, we have / _1 (^) £ /^(B) Q 
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/ 1 (dp{V)) C clj(f 1 (V)). Since is (7, /3)-continuous and V is /3-open in Y, by Theorem 3.5, 
/ _1 (V) is 7-open in X. This shows that f~ 1 (B) is 7*-semi-open set in X. 

Theorem 3.8. Let X, Y and Z be three spaces and let / : X — >■ Y be a function, g : Y —■ Z be an 
injective function and gof : X — > Z is a 7-semi-open function. Then we have: 

(1) If f is (7, /3)-continuous and surjective, then g is 7-semi-open. 

(2) If g is (/?, a)-open, (/?, a)-continuous and injective, then f is 7-semi-open, where /3 is open op- 
eration on Y. 

Proof. (1) Let V be a /3-open set in Y. Then / _1 (V) is 7-open in X, because / is (7, /3)-continuous. 
Since gof is 7-semi-open and / is surjective, therefore g(V) = (gof)(f~ 1 (V)) is a*-semi-open in Z. 
This shows that g is a 7-semi-open function. 

(2) bmce g is injective, therefore for AC X, f(A) = g~ 1 {g(f(A))). Let U be a 7-open set in X, 
then gof(U) is a*-semi-open. Thus by Theorem 3.7, g~ 1 (g(f(U))) = f(U) is /3*-semi-open in Y. 
This shows that / is a 7-semi-open function. 

Let B C X, 7 : r ->• P(X) be an operation. We define 7^ : t b -> P(X) as j B (UnB) = j(U)C\B. 
From here 7b is an operation and satisfies that cL IB (UdB) C clj(U fl B) C clj(U) n cZ 7 (B). Using 
this fact we prove the following: 

Theorem 3.9. Let X be a space and B a 7*-semi-open set in X containing a subset A of X. 
If A is 7*-semi-open in the subspace B, then A is 7*-semi-open in X, where 7 is a regular operation. 
Proof. Let A be 7 B -semi-open in the subspace B. Then there exists a 7#-open set C/g in B such 
that Ub C A C cL Ib {Ub)- Since £7^ is 7£-open in B, there exists a 7-open set U in X such that 
U B = Un B[4]. Thus we have U n B C A C c/ 7s (C7 n B) C d 7 (C/ n B) = clj(A) n cZ 7 (B). Since B 
is 7*-semi-open set in X and U is 7-open in X, therefore U n B is 7-open in X. Consequently, A is 
a 7*-semi-open set in X. 

Theorem 3.10. Let X and Y be spaces. If a bijective function / : X — > Y is a 7-semi-open, 
then for each 7-open set <p) m Y /| /-i(y) : ^ U is 7-semi-open, where 7 is a regular 

operation. 
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Proof. Let XJy be an arbitrary 7y-i(y)-open set in / 1 (V). Then there exists a 7-open set U in 
X such that U v = U n f-\V). Now we have [f\f-i(y)](U v ) = f(U n / -1 (V)) = f(U) n V. Since 
f(U) is 7*-semi-open and V is 7-open, f(U) n V is 7*-semi-open. Hence [/|/-i(y)](f7v) is also 
7y-semi-open in V. This shows that /|/-i(y) : / _1 (^0 — > Y is a 7-semi-open mapping. 

Theorem 3.11. A bijective function / : X — > Y is 7-semi-open if and only if for any subset 
V of Y and for any 7-closed set F of X containing / _1 (Y), there exists a 7*-semi-closed set G of Y 
containing V such that f^ 1 (G) C F. 

Proof. Let V C Y and F be a 7-closed set of X containing / -1 (V). Put G = Y — f(X — F). Since 
/ is 7-semi-open, so G is 7*-semi-closed sets in Y . As / is bijective, it follows from / _1 (Y) C F 
that V C G. Calculations give / _1 (G) C F. 

Conversely, suppose U is 7-open set. Put V = Y — f(U). Then X — U is 7-closed set in X 
containing / _1 (Y). By hypothesis, there exists a 7*-semi-closed set G of Y such that V C G and 
/- X (G) C (X - 17). On the other hand, it follows from V C G that /(?/) = (Y - V) C (Y - G). 
Therefore, we obtain f(U) = (Y — G) G 50 7 *(Y). This shows that / is 7-semi-open. 

Lemma 3.12 [5]. The following properties of a subset A of X are equivalent: 

(1) A is 7*-semi-closed. 

(2) intjicljiA)) C A. 

(3) X — A is 7*-semi-open. 

Theorem 3.13. If / : X — > Y is (7, /3)-open and (7, /3)-continuous mapping, then the inverse 
image f~ 1 (B) of each /3*-semi-closed B in Y is 7*-semi-closed in X, where (3 is an open operation 
on Y. 

Proof. This follows from Theorem 3.7 and Lemma 3.12. 

Theorem 3.14. Let / : X — > Y be surjective and g : Y —■ Z be an injective function and 
let gof : X — > Z be a 7-semi-closed function. Then 

(1) If f is (7, /3)-continuous and surjective, then g is /3-semi-closed. 

(2) If g is ((3, a)-open, (/?, a)-continuous and injective, then / is 7-semi-closed, where /3 is an open 
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operation on Y. 

Proof. (1) Suppose H is an arbitrary /3-closed set in Y. Then is 7-closed in X because / is 

(7, /3)-continuous. Since gof is 7-semi-closed and / is surjective, gof(f~ 1 (H)) C g(f(f~ 1 (H))) = 
g(H), is a*-semi-closed in Z. This implies that g is /3-semi-open function. This proves (1). 
(2) Since g is injective so for every subset A of X, f(A) = g~ l (g(f(A))). Let F be an arbitrary 
7-closed set in X. Then gof(F) is 7*-semi-closed. It follows immediately from Theorem 3.13 that 
f(F) is 7*-semi-closed set in Y. This implies that f is 7-semi-closed. 

4 7- Semi- Closed Functions 

Theorem 4.1. Let 7 be an open and monotone operation. A function / : X — > Y is 7-semi-closed 
if and only if f{cl 1 {A)) D m£y(cZ 7 (/ (A))) for every subset A of X. 

Proof. Suppose / is a 7-semi-closed mapping and A is an arbitrary subset of X. Then f{cl 1 {A)) 
is 7*-semi-closed in Y. Then by Lemma 3.12, we obtain f{cl 1 {A)) D int 1 (cL j (f{cl 1 {A)))) D 
int 1 {cl 1 {f '(A))) . This implies that f{cl 1 {A)) D mi 7 (cZ 7 (/(A))). 

Conversely, suppose that F is an arbitrary 7-closed set in X. Then by hypothesis, we have 
mi 7 (c/ 7 (/(F))) C /(c/ 7 (F)) = f(F). By Lemma 3.12, f(F) is 7* -semi-closed in Y. This implies 
that / is 7-semi-closed. 

Recall [9] that the intersection of all 7*-semi-closed sets containing A is called 7-semi-closure of 
A and is denoted by scl 7 *(A). Clearly A is 7*-semi-closed if and only if sd 1 *{A) = A. 

Theorem 4.2. Let 7 be an open and monotone operation. A function / : X — > Y is 7-semi- 
closed if and only if scl^*(A) C f(cl 1 (A)) for every subset A of X. 

Proof. Suppose / is a 7-semi-closed mapping and A is an arbitrary subset of X. Then f{cl 1 {A)) 
is 7*-semi-closed. Since f{A) C f(clj(A)), we obtain sclj*(f(A)) C f{cl 1 {A)). This implies 
scl r (f(A))Cf(d 7 (A)). 

Sufficiency follows from Theorem 4.1. 

Theorem 4.3. A surjective function / : X — > Y is 7-semi-closed if and only if for each sub- 
set B in Y and each 7-open set U in X containing f^ 1 {B), there exists a 7*-semi-open set V in Y 
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containing B such that / 1 (V) C U, where 7 is a monotone and regular operation. 

Proof. Suppose B is an arbitrary subset in Y and U is an arbitrary 7-open set in X containing 

f~\B). We put 

V = Y-f(X-U) (*) 

Then V is 7*-semi-open set in Y. Since f~ l (B) C U, calculations give B C V. Moreover, by (*), 
we have f-\V) = f~\Y) - r l (f(X -U)) = X- f-\f{X - U)) C X - (X - U) = U. 

Conversely, suppose that F is an arbitrary 7-closed set in X. Let y be an arbitrary point in 
Y - f(F), then f~\y) QX- C X - F, and X - F is 7-open in X. Hence by the hy- 

pothesis, there exists a 7*-semi-open set V y containing y such that / _1 (V r j / ) C X — F. This implies 
that v G V y C Y - f(F). We obtain that Y - f(F) = \J{V y :y£Y- f(F)} is 7*-semi-open in Y, 
since union of any collection of 7*-semi-open sets is 7*-semi-open. Therefore f(F) is 7*-semi-closed. 

5 7- Semi- Continuous Functions 

Theorem 5.1. Let / : X — > Y be a function and 7 is an open operation. Then the following are 
equivalent: 

(1) f is 7-semi-continuous. 

(2) int^(cl^{f-\B))) C f- 1 (cl 1 (B)) for each subset B of Y. 

(3) f (int^(cL,(A))) C cL t (f(A)) for each subset A of X. 

Proof. (1) (2). Let B be an arbitrary subset of Y. Then by (1), f' 1 (cl 1 (B)) is a 7*-semi- 
closed set of X. Since B C cl-y(B), by Lemma 3.12, we get / _1 (d 7 (B)) D mi 7 (c/ 7 (/ _1 (cZ 7 (S)))) D 
mt 7 (d 7 (/- 1 (5)))implies that mt 7 (d 7 (/ _1 (B))) C f~ 1 {cl 1 {B)). 

(2) (3). Let A be an arbitrary subset of X. Put 5 = /(A). Then A C f^(B). Therefore 
by hypothesis, we have mt 7 (cZ 7 (A)) C int 1 {cl 1 (f^ 1 {B))) C f^ 1 (cl 1 {B)). Consequently, we have 
/(mi 7 (c/ 7 (A))) C ff- 1 {cl 1 {B)) C ci 7 (B) = ci 7 (/(A)). This gives (3). 

(3) (1). Let F be an arbitrary 7-closed set of Y. Put A = f~ l {F), then f(A) C F. Therefore 
by hypothesis, we have 

/(mt 7 (c/ 7 (A))) C c/ 7 (/(A)) C c/ 7 (F) = F (**) 
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By (**), we have int^cl^A)) C f' 1 f {int^cl^A))) C / _1 (cZ 7 (/(A))) C f'^cl^F)) = f-^F), 
or mf T (cZ 7 (A)) C By Lemma 3.12, f~ 1 {F) is a 7*-semi-closed set in X. This implies that 

/ is 7-semi-continuous. 

Definition 5.2. Let X be a space A Q X and p G A. Then p is a 7*-semi-limit point of A, 
for all 7*-semi-open set U containing p such that U D (A — {p}) / <j>. The set of all 7*-semi-limit 
point of A is said to be 7*-semi-derived set of A and is denoted by sd 1 *(A). 

Clearly if A C B then sd r (A) C sd 7 *(5) (I) 

Remark 5.3. From the definition, it follows that p is a 7*-semi-limit point of A if and only if 
p G scl 1 *{A - {p}). 

Theorem 5.4. The 7*-semi-derived set, sd 7 *, has the following properties: 

(1) sc/ 7 * (A) = A U sd 7 * (A). 

(2) sd r (AUB) = sd r (A) U sd r (B). In general 

(3) \J i sd r (A i ) = sd r ({J i (A i )). 

(4) sd 7 »(sd 7 »(A)) C sd 1 *(A). 

(5) sc/ 7 * (sd 7 * (A)) = sd^*(A). 

Proof. (1) Let x G scZ 7 *(t4). Then x G C, for every 7*-semi-closed superset C of A. Now 

(i) If x G A, then x e AU sd 1 *(A). 

(ii) If x ^ A, then we prove that x G scZ 7 * (A). 

To prove (ii), suppose U is 7*-semi-open set containing x. Then U f) A ^ <f>, for otherwise, 
A C X — U = C, where C is a 7*-semi-closed superset of A not containing x. This contra- 
dicts the fact that x belongs to every 7*-semi-closed superset C of A. Therefore x G sdj* (A) gives 
x G A U sd T (A). 

Conversely, suppose that x G A U sdj*(A), we show that x G scL l *(A). If x G A then x G 
sc/ 7 * (A). If x G sd 7 * (A), then we show that x is in every 7*-semi-closed superset of A. We suppose 
otherwise that there is 7*-semi-closed superset C of A not containing x. Then x G X — C = U(say), 
which is 7*-semi-open and U fl A = <f>. This implies that x ^ sd^*(A). This contradiction proves 
that x G sclj*(A). Consequently scl 1 *(A) = A\J sd 1 *{A). This proves (1). 

(2) sd r (iUB)C sd r (A) U sd r (B). 
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Let x G sd 7 *(A U B). Then x G sd 7 »((A U B) - {x}) or x G scl 7 *((A - {x}) U (B - {x}) implies 
x G sclj*(A — {x}) or x G scl 1 *(B — {x}). This gives x G sd 7 *(A) or x G s<i 7 *(-B) . Therefore 
x G s<i 7 * (A) U sdj* (B) . This proves sd y * (AUB) C sd T (A) U sd T (B) 
Converse follows directly by using the property (I). 

(3) The proof is immediate by property (I). 

(4) Suppose that x £ sd 7 *(A). Then x ^ sc/ 7 *(A — {x}). This implies that there is 7*-semi- 
open set U such that x G U and U PI (A — {x}) = <p. We prove that x sdj*(sdj*(A)). Suppose 
on the contrary that x G sd 7 * (sd 7 * (A)). Then x G scl 7 * (sd 7 * (A) — {x}). Since x G U, we have 
[/ fl (sc2 7 *(A) — {x}) / 0. Therefore there is a g / x such that q G C7 fl (sd 7 *(A)). It follows that 
q G (J7 — {x}) fl (sd 7 * (A) — {x}) . Hence (U — {x}) fl (sd 7 * (A) — {x}) / a contradiction to the fact 
that ([/n(sd 7 * (A) — {x}) = <p. This implies that x ^ s<i 7 * (sd 7 * (A)) and so sd 7 * (sd 7 * (A)) C sd 7 *(A). 
This proves (4). 

(5) This is a consequence of (1), (2) and (4). 

Theorem 5.5 [5]. Let / : X — >■ Y be a function. Then the following are equivalent: 

(1) / : X — > y is 7-semi-continuous. 

(2) scty^/ -1 ^)) C / _1 (cZ 7 (A)) for each subset A of Y. 

Theorem 5.6. Let / : X — > Y be a function and 7 is an open operation. Then the follow- 
ing are equivalent: 

(1) / : X — > y is 7-semi-continuous. 

(2) /(sdy* (A)) C c/ 7 (/(A)) for any subset A of X. 

Proof. (1) (2). Suppose that / is 7-semi-continuous. Let A be any set in X. Since c/ 7 (/(A)) 
is 7-closed in Y. / _1 (cZ 7 (A)) is 7*-semi-closed in X. A C / _1 (/(A)) C / _1 (cZ 7 (/(A))) gives 
scZ 7 *(A) C sct y .(/- 1 (cl 7 (/(A)))) = / _1 (cZ 7 (/(A))). Therefore f(sd r {A)) C /(sd 7 *(A)) C 
//-^(/(A))) C d 7 (/(A)). Consequently, (A)) C cZ 7 (/(A)). 

(2) => (1). Suppose that /(sd 7 *(A)) C cZ 7 (/(A)), for A Q X. Let B be any 7-closed subset of Y. 
We show that is 7*-semi-closed in X. By hypothesis, f(sd r {f- l (B))) C cl 1 {f{f- 1 {B))) C 

d 7 (5) =Bor f(sd r {f- l {B))) C B gives sd^if'^B)) C f' 1 /(sd^if-^B))) C or 
s dj*(f~ 1 (B)) C f~ l (B) implies f~ l (B) is 7*-semi-closed in X. Thus / is 7-semi-continuous. 
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Theorem 5.7 [5]. Let / : X — > Y be a function and x G X. Then / is 7-semi-continuous if 
and only if for each 7-open set B containing f(x), there exists A G S0 1 *(X) such that x £ A and 
f(A) C £?, where 7 is a regular operation. 

We use Theorem 5.7 and prove the following: 
Theorem 5.8. Let / : X — > F be an injective function. If / is 7-semi-continuous then f(sd 1 * {A)) C 
(/(A)) 7 for every where 7 is a regular operation. 

Proof. Suppose that / is 7-semi-continuous. Let A Q X, a £ sdy*(X) and V be a 7-open-nbd 
of /(a). Since / is 7-semi-continuous then by Theorem 5.7, there exists a 7-semi-open-nbd U of 
a such that f(U) C V. But a G sdj*(A), therefore there exists an element a\ £ U P\ A such that 
o ^ 01; then f(a\) G /(-A) and since f is an injection /(a) 7^ /(cti). Thus every 7-open-nbd V 
of /(a) contains an element /(ai) of /(A) different from /(a). Consequently /(a) G (/(A)) 7 . We 
have therefore, f{sd r (A)) C (/(A))*. 

The following theorem follows from Theorem 5.6: 
Theorem 5.9. Let / : X -> y be a function. If for every iCI, /(sd 7 »(A)) C (/(A))*, then / 
is 7-semi-continuous, where 7 is an open operation. 

Theorem 5.10. A function / : X — >■ y is 7-semi-continuous if and only if f~ 1 {int 1 {B)) C 
sinty*(f~ 1 (B)))), for each B CY, where 7 is a regular operation. 

Proof. For any B C y, intj(B) = Y - d 7 (Y - B) [14]. This implies / _1 (int 7 (B)) = / _1 (y - 
cZ 7 (y — £?)) = X — / _1 (c/ 7 (y — £)). Since f is 7-semi-continuous, by Theorem 5.5 we have 
sc^Cf-^y - 5)) C /^{clyiY - B)). Hence f- l (int y {B)) C X - sd r (f- 1 (Y - B)). Thus 
/-^intyCB)) C X - sc/ 7 *(X - f' l {B)). Hence ^{int^B)) C X - scl r (X - = 
smVCT 1 ^))))- 

Conversely, let B be an arbitrary 7-open set in Y. Then intj(B) = B. By hypothesis f _1 (B) = 
f^iint^B)) C sint 1 *{f- 1 {B)) implies C sint 1 *{f- 1 {B)). But smt 7 .(/ _1 (B)) C 

Therefore, f^ 1 (B) = sint 1 *{f~ 1 {B)). Thus f^ 1 (B) is 7*-semi-open . Consequently, / is 7-semi- 
continuous. 
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